Cross characteristic representations of odd characteristic symplectic groups and unitary groups  by Guralnick, Robert M. et al.
Journal of Algebra 299 (2006) 443–446
www.elsevier.com/locate/jalgebra
Addendum
Cross characteristic representations of odd
characteristic symplectic groups and
unitary groups ✩
Robert M. Guralnick a, Kay Magaard b, Jan Saxl c,∗, Pham Huu Tiep d
a Department of Mathematics, University of Southern California, Los Angeles, CA 90089-2532, USA
b Department of Mathematics, Wayne State University, Detroit, MI 48202, USA
c Department of Pure Mathematics and Mathematical Statistics, University of Cambridge, Wilberforce Road,
Cambridge CB3 0WB, England
d Department of Mathematics, University of Florida, Gainesville, FL 32611, USA
Received 4 February 2005
Available online 22 April 2005
Communicated by Michel Broué
Theorem 3.2 of [3], formulated below, classifies cross characteristic representations Φ
of finite symplectic and unitary groups G in which certain elements g of G satisfy the
inequality dΦ(g) < o(g), where dΦ(g) is the degree of the minimal polynomial of Φ(g)
and o(g) is the order of g modulo Z(G).
Theorem 1. Let G = Sp2n(q) with n > 1 and (n, q) = (2,3), or G = GUn(q) with
n > 2. Let p be a prime not dividing q and let g ∈ G be a non-central element such
that g belongs to a proper parabolic subgroup of G and o(g) is a power of p. Let Φ be an
absolutely irreducible G-representation in characteristic coprime to q of degree > 1 such
that dΦ(g) < o(g). Then Φ is a Weil representation.
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444 R.M. Guralnick et al. / Journal of Algebra 299 (2006) 443–446The proof of this theorem relied on the main result of [1], which unfortunately overlooks
one extra case. However, our Theorem 1 remains valid in this case.
For the reader’s convenience, we reproduce the correct version of the main result of [1]
as follows. In this formulation, a finite classical group means any group lying between the
isometry group I (V ) and its commutator subgroup I (V )′, where V is endowed with either
the zero or a nondegenerate orthogonal, symplectic, or Hermitian form; furthermore, I (V )′
is assumed to be quasisimple.
Theorem 2. [2] Let G be a finite classical group in characteristic r . Let p = r be a prime
and g ∈ G be a non-central element such that g belongs to a proper parabolic subgroup
of G and o(g) is a power of p. Let Φ be any absolutely irreducible representation of
G of degree > 1 over a field F of characteristic  = r . Then either dΦ(g) = o(g), or
k := o(g)/(q + 1) is an integer and dΦ(g) o(g)− k. Moreover, if dΦ(g) < o(g), then for
some z ∈ Z(I (V )) one of the following holds.
(i) G = Sp2n(r), r > 2, n 2, o(g) = r + 1, and rank(g − z) = 2.
(ii) SUn(r)GGUn(r), r > 2, n > 2, o(g) = r + 1, and rank(g − z) = 1.
(iii) SUn(q)GGUn(q), r = 2, n > 2, o(g) = p = q + 1, and rank(g − z) = 1.
(iv) SUn(8)GGUn(8), n > 2, o(g) = 9, and rank(g − z) = 1.
(v) SUn(2)GGUn(2), n > 4, o(g) = 9, and rank(g − z) = 3.
(vi) SUn(q)  G  GUn(q), o(g) = k(q + 1), k > 1, n ≡ 1 (mod k), rank(gk − z) = 1.
Moreover, n > k + 1 if p is odd.
The case (vi) of Theorem 2 is the extra case that has been overlooked in [1].
The aim of this note is to show that the conclusion of Theorem 1 holds in the extra case
(vi) of Theorem 2. In fact, we will prove more.
Theorem 3. Under the notation and assumptions of Theorem 2, assume we are in the
case (vi). Then Φ is a Weil representation of G, and dΦ(g) = o(g) − k.
The rest of the note is devoted to prove Theorem 3.
Write q + 1 = pc, k = pb , so that o(g) = pb+c . By assumption, there is some or-
thonormal basis (e1, . . . , en) of V = Fnq2 such that h := gk = diag(α,α, . . . , α,αβ) for
some 0 = α,β ∈ Fq2 and β = 1. Since [g,h] = 1, g preserves U := 〈e1, . . . , en−1〉Fq2 and
〈en〉F
q2
. In particular, g = diag(g2, γ ) in the given basis, with γ ∈ Fq2 and γ k = αβ . Fur-
thermore, CGUn(q)(g)G = GUn(q), so without loss we may assume G = GUn(q).
1. Observe that |α| = |β| = q + 1. For, (αβ)(q+1)/p = γ pb+c−1 = (γ q+1)pb−1 = 1. Since
o(h) = q + 1, we must have |α| = q + 1. Now if |β| < q + 1 then β(q+1)/p = 1 and so
α(q+1)/p = 1, a contradiction. Thus gk is a scalar multiple of the pseudoreflection α−1h
of order q + 1. Notice if Ψ is a Weil representation of G then dΨ (α−1h) = q and so
dΨ (g) qk = o(g) − k, whence the equality holds by Theorem 2. Thus we are done if Φ
is a Weil representation. From now one we will assume that Φ is not a Weil representation.
Replacing g by γ−1g, we may assume that g = diag(g2,1) fixes en, and so o(g) = |g|.
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U such that g2 = diag(g1, . . . , g1) and g1 is an irreducible p-element of GUk(q). Indeed,
consider any eigenvalue λ of g2. Then λp
b = α and so |λ| = pb+c . Since p > 2, it fol-
lows that λ is a primitive element of Fq2k over Fq2 and so it has the minimal polynomial
f (t) := tk − α over Fq2 . Hence g2 has the minimal polynomial f (t) and the characteris-
tic polynomial f (t)(n−1)/k . One can choose an irreducible p-element in GUk(q) with the
characteristic polynomial f (t). Up to conjugacy in GUn−1(q), we may now assume that
g2 = diag(g1, . . . , g1).
Next we claim that we may assume n = 2k + 1. Indeed, n  2k + 1 by assumption.
Assume n > 2k + 1. We can embed g in a standard subgroup H = H1 × H2 of G, with
H1 	 GUn−2k−1(q) and H2 	 GU2k+1(q). Consider any irreducible constituent Φ1 ⊗ Φ2
of Φ|H with Φi ∈ IBr(Hi) and dim(Φ2) > 1. Such a constituent exists, as otherwise Φ is
trivial on the perfect group SU2k+1(q) and so dim(Φ) = 1, a contradiction. Notice that g
projects onto the element g′ = diag(g1, g1,1) and o(g′) = o(g). Clearly, o(g) > dΦ(g)
dΦ2(g
′). Assuming the theorem holds in the case n = 2k + 1, we conclude that Φ2 is a
Weil representation. Thus any irreducible constituent of Φ|H2 is either of degree 1 or a
Weil representation. By [3, Theorem 2.5], Φ is also a Weil representation, contrary to our
assumption.
In the case n = 2k+1, it is not difficult to show that g stabilizes a k-dimensional totally
singular subspace W of V .
3. Consider the case p = 2. Let g3 := g2b−12 and let μ be any eigenvalue of g3. Then
μ2 = α and μq+1 = α(q+1)/2 = −1. In particular, μ−q = −μ. It follows that g3 has two
eigenvalues ±μ on U and, moreover, the corresponding eigenspaces are totally singular.
Hence n = 2m+ 1, and g stabilizes the m-dimensional totally singular subspace W , where
W is the μ-eigenspace for g3.
4. We have shown in Parts 2, 3 that we may assume n = 2m+1 and g belongs to the par-
abolic subgroup P := StabG(W), where W is an m-dimensional totally singular subspace
in U . Recall that for Q := Or(P ), Z(Q) is an elementary abelian r-subgroup of order qm2 .
Here we consider the case n 5. As shown in the proof of [3, Lemma 12.5], P has m
orbits on IBr(Z(Q)) \ {1Z(Q)}, labeled asOj with 1 j m. Moreover, one can identify
Oj with the set of Hermitian m×m-matrices of rank j over Fq2 (and the multiplication of
characters corresponds to the matrix addition). By [3, Theorem 2.6], Φ|Z(Q) has to afford
some P -orbit Oj with j > 1, since Φ is not a Weil representation.
We claim that g has some orbit of length pb (notice that gpb = h acts trivially on Z(Q)).
Assume the contrary. Then t := gpb−1 fixes every element of Oj . It is easy to see that
Oj ·Oj ⊇O1. (Indeed, let Eil be the m × m-matrix with the entry 1 at the (i, l)-position
and 0, elsewhere. Then X1 =∑1ij Ei,j+1−i and X1 + E11 are Hermitian of rank j .)
Hence t fixes every element of O1. Arguing as in the proof of [3, Lemma 12.5], we see
that t is represented by diag(D, tD(−q),1) with D ∈ GLm(q2) and tD(q)XD = X for any
Hermitian m×m-matrix X of rank 1. One can choose X = Eii , or X = bq+1Eii + bEil +
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scalar matrix δIm with δq+1 = 1. Thus gpb+c−1 = 1, contrary to o(g) = pb+c .
Now we can fix a character λ such that the g-orbit of λ has length pb; in particular,
λh = λ. Then Q/Ker(λ) = R × A, where R is an extraspecial r-group of order rq2j and
A is abelian of order q2(m−j). Furthermore, h = gpb centralizes Z(R) and normalizes both
R and A. Clearly, the restriction of the λ-isotypic component Ψ of Φ to 〈R,h〉 contains an
irreducible constituent Ψ0 of degree qj that lies above λ. It is easy to see that Ψ0 is faithful.
Also, hpc−1 acts regularly on R/Z(R), as h acts on R/Z(R) = Fj
q2
via multiplication by α.
Since |h| = q + 1 and j > 1, h cannot act irreducibly on R/Z(R). Hence, by a theorem
of Hall-Higman and Shult, cf. [1, Theorem 2.6], dΨ0(h) = |h| = pc, and so dΨ (h) = pc as
well. By [1, Proposition 2.15], dΦ(g) pbdΨ (gpb), whence dΦ(g) = o(g) = pb+c .
5. Finally, consider the case n = 3. Since n 2k+1 5 for odd p, we have p = 2 and q
a Mersenne prime in this case. As shown in Part 3, one can find a hyperbolic basis (u, v) of
U such that g = diag(λ,λ−q,1) in the basis (u, v, e3) of V . Recall that g ∈ P and Φ is not
a Weil representation. By [3, Proposition 11.3], Φ|Q contains a nontrivial linear character
of Q. One can identify the set of linear characters of Q with Fq2 , so that g acts on it via
multiplication by λ. Hence g acts regularly on the set of nontrivial linear characters of Q.
Consequently, dΦ(g) = |g|.
The proof of Theorem 3 is complete.
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